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II. Enhanced Waveguide Degenerate Mode Analysis 

Step 1) Brief review of standard 2D-FEM for modal computation:
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For closed homogenous waveguides that are filled by an isotropic dielectric 
with relative dielectric permittivity 𝜀𝑟 and relative magnetic permeability µr , the 
scalar 2D Helmholtz equation with perfect electric conductor boundary condition 
is:  

- ෝ𝒏 presents the vector normal to the partition of the boundary (Γ𝑒) of 
the homogeneously filled domain Ω𝑣 .

The weak form of the Helmholtz equation, followed by a discretization
through non-overlapping finite elements, will lead to the following matrix
generalized eigenvalue/eigenvector problem:

- Vectors v are the eigenvectors containing the degrees of freedom (d.o.f.) of the 
problem, while the eigenvalues 𝑘𝑐

2 correspond to the squared cutoff wavenumber. 
- Matrices 𝐒 and 𝐓 have the following entries: 

Step 2) Analyzing the results:
Because of the inherent discrete rotational symmetry, degenerate modes will 

appear in Manhattan-type cross section waveguide (as the example that is shown 
below). Thus, the main purpose is the identification of higher order degenerate 
modes. To that effect, with 𝑘𝑐1 and 𝑘𝑐2 representing cutoff wavenumbers of a pair of 

degenerate modes, we define the relative error between values as :

III. Enhanced Analysis of Waveguide Devices

Step 1) Brief review of MM technique:

Based on the mode matching (MM) technique that uses the coupling
between modes to obtain an accurate characterization of a waveguide step, the
generalized scattering matrix (S-parameters) of this step can be obtained as:

- 𝐐𝐰 and 𝐐𝐬 denote matrices to account for normalization in the, respectively,
bigger and smaller waveguides of the step.

- 𝑿 is the so called cross-product matrix, which can be in turn decomposed
into a frequency-dependent part and a normalized cross-product matrix,
independent of frequency.

-
The final part to compute the full device response consists of:

Step 2) Analyzing the results:

The band-pass filter made up of a succession of ridge waveguide cross sections,
shown in the figure below, is analyzed with a hybrid MM-FEM method:

This result shows the reflection coefficient magnitude obtained with 150 TE 
and 150 TM modes in the MM procedure for the unstructured triangular (284 d.o.f. 
for cross section 1, and 446 d.o.f for cross-section 2) and structured quadrilateral 
(293 d.o.f. for cross-section 1 and 389 d.o.f. for cross-section 2) meshes is compared 
with the reference result, achieved when using 200 TE and TM modes for very fine 
meshes (same result for triangular and quadrilateral elements). 

I. Motivation: Waveguide Analysis using structured meshes composed of quadrilateral finite elements, instead of the 

classic unstructured meshes made of triangular elements 

The proposed meshes with triangular and quadrilateral finite elements are used in the modal analysis of waveguides with a certain 
types of cross-sections, namely Manhattan-type, defined by polygons only presenting angles of 𝟗𝟎𝒐 or its multiples.

The first approach is to show how structured meshes made up of quadrilateral-element cells offer a higher rate of accuracy to 
calculate degenerate modes compare with the triangular-element cells. (It is presented in section II)

In the next part, the accuracy in computing waveguide modes that are achieved by using quadrilateral cells will be assessed in the 
analysis of actual devices. (It is presented in section III)

A waveguide with a Manhattan-type cross section

IV. Conclusions

A comparison between the results of using quadrilateral and triangular cells for the analysis of waveguide devices is done in two parts .

In the first part, one homogenous waveguide is selected to challenge the accuracy degenerate mode computation in case of using quadrilateral and triangular elements. 

In the second part, the advantage of using quadrilateral cells is challenged by analyzing one waveguide band-pass filters with the use of a hybrid MM-FEM method 

- First, the S-parameters of every discontinuity are calculated.

- Then, these S-parameters are cascaded using well-known formulas coming from
circuit analysis.

-


