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I.  INTRODUCTION  

 

 Weakly singular static potential integral involved in SIE-MoM formulation in 

connection with the so-called reaction and radiation integrals  is treated in a new 

analytical way. The computation of such integrals is the major difficulty in the 

calculation of EM fields in various types of CAD Technology, Modeling and 

Simulation. The proposed approach leads to a formula, which is much simpler than the 

currently available ones. The new formula enables a very simple implementation and 

high computational efficiency in evaluation of the potential integral, while maintaining 

high accuracy at the same time.  

 

II.  OUTLINE OF THE METHOD  

 

 The static scalar potential integral becomes weakly singular when calculating fields 

in close vicinity of an object or just on the surface of an object. In such cases the 

observation point      coincides with the source point  

Equation governing the analysis:  

 

 

 

 

 

where T is the surface of a triangle (Fig.1). 

The procedure for analytic evaluation of (1) consists of three steps: 

 𝑟    𝑟 ′ , i.e. |𝑟 − 𝑟 ′ | → 0. 

(1) 

 𝑟 = 𝑟 ′ . 

Step 2.  Each sub-triangle Ti is transformed from the global coordinate system 

(XYZ) where T was defined, into a local orthogonal coordinate system (UVβ) 

related to Ti, and the integral (1) is expressed in those new coordinate system. 

Step 3.  The three integrals (for T1, T2, T3) are expressed in local polar coordi-

nates (ρφ), where the cancelation of singularity occurs, and a simple analyti-

cal solution of (1) can be obtained. 

Fig. 1. Graphical presentation of the domain T of integration. 
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 According to the above description, 
the integral (1) assumes the following 
form: 

(2) 

where         stands for the transformed 

integral over sub-triangle Ti . 

 After completing the steps 1-3 the integral  is defined in a local coordinate system of 
triangle T1, where w01 is at the center of this coordinate system (Fig. 2). The u and v axes 
of this system are defined in the surface of T1, and the third axis β is normal to this sur-
face. All the axes are related to unit basis vectors (          ). This transformation simplifies 
the form of                in (1). In the local coordinate system, it can be expressed as: 
 
 
 
The transformation from the local rectangular coordinate system UVβ into the polar co-
ordinate system ρφ  yields:  

Fig. 2. The sub-domain of T1 in UVβ and ρφ local 
coordinate systems. 

(3) 

(4) 

 In the following, the way of evaluat-

ing                  will be illustrated (the rest of 

integrals are treated exactly the same 

way). 

III.  VALIDATION OF THE PROPOSED METHOD  

 The accuracy of (4) was compared with: 

• the reference formula from R. D. Graglia, “On the numerical integration of the linear 

shape functions times the 3-D Green’s function or its gradient on a plane triangle”, 

IEEE Transactions on Antennas and Propagation,  

•  numerical results obtained from MATLAB and MATHCAD (adaptive quadrature 

method).  
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Fig. 3. The geometry of the test triangle. 

Comparison of the results of computation 

Observ.point w01 w02 w03 

1.Eq. (4) 1.940179711 0.881373587 1.762747174 

2.Reference 
formula 

1.940179711 - 1.762747174 

3.MATHCAD - - - 

4.MATLAB - - - 

Error |1-2| 2.2E-15 - 0 

Operation 
Computational  

complexity 
(big O notation) 

Number of algebraic 
operations 

Eq. (4) 
Reference for-

mula 

  

1 1 

  

2 17 

  

2 11 

 
 

1 4 

Total computational  
complexity for n=16 digits: 

N=2304 N=9216 

where                ,            is defined in Fig. 2, 

p is the half of the perimeter of T1,  

lab is the length of the side of T1 that is opposite to the vertex w01, 

A1=                                                   is the area of T1 . 

𝑟 = 𝒘𝟎𝟏 

Step 1.  The original triangle T is divided into three sub-triangles (i.e., T1, T2, 

T3). The common vertex w01 is the location of the singular point   
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